We give improved upper and lower bounds for the connective constants of self-avoiding walks on a class of lattices, including the Archimedean and Laves lattices. The lower bounds are obtained by using Kesten's method of irreducible bridges, with an appropriate generalisation for weakly regular lattices. The upper bounds are obtained as the largest eigenvalue of a certain transfer matrix.
Introduction
Self-avoiding walks on lattices is a classical combinatorial problem in statistical physics; see [15] for a survey.
In this work we study the connective constants of self-avoiding walks on a class of lattices, the ALB lattices, containing the Archimedean lattices, their duals, the Laves lattices, and the Bow-tie lattice and its dual. We give upper and lower bounds for the connective constants on these lattices, improving previous bounds or providing the first bounds in most cases. Bounds for the hexagonal lattice were treated separately by Alm and Parviainen, [3] . Recently, good lower bounds were obtained by Jensen, [9] , for several lattices. See Table 1 for a summary of the best known bounds.
Self-avoiding walks
A walk of length n on a lattice is an alternating sequence of vertices and edges {v 0 , e 1 , v 1 , e 2 , . . . , e n , v n } such that the edge e i connects the vertices v i−1 and v i . The walk is self-avoiding if all vertices v 0 , v 1 , . . . , v n are distinct.
For a vertex-transitive graph, where all vertices are equivalent, let f (n) denote the number of self-avoiding walks, starting at a fixed vertex.
Among general graphs, we will only consider weakly regular graphs with a finite number, K, of vertex classes. Two vertices belong to the same vertex class if they have the same number of self-avoiding walks of all lengths. For these graphs, let f i (n) denote the number of self-avoiding walks, starting at a fixed vertex in vertex class i, i = 1, . . . , K.
Hammersley, [6] , proved that, for a class of lattices called crystals containing all lattices studied in this paper, there exists a constant µ, called the connective constant 1 of the lattice, such that lim n→∞ f 1/n i (n) = µ, for all i = 1, . . . , K.
From the proof of this, it also follows that µ ≤ max 1≤i≤K f 1/n i (n), for all n, which is the basis for all upper bounds for connective constants. The connective constant is unknown for all non-trivial lattices, except the hexagonal, where Nienhuis, [16] , has presented strong evidence that µ HEX = 2 + √ 2 ≈ 1.847 759. Since Jensen and Guttmann, [12] , has given a functional relation, (2) , between the connective constant of the (3.12 2 ) lattice, see Section 2 for a description of the lattice, and µ HEX , Nienhuis' result also gives the value for µ (3.12 2 ) ≈ 1.711 041.
The ALB lattices
A regular tiling is a tiling of the plane which consists entirely of regular polygons. A vertex-transitive graph of such a regular tiling is called an Archimedean lattice. There are 11 such graphs, shown in Figure 1 . They are denoted according to a notation given in Grünbaum and Shephard [4] .
When the tiling consists of only one type of regular polygons, the corresponding lattice is also edge-transitive. Three of the Archimedean lattices are of this type, based on triangles, (3 6 ), squares, (4 4 ), or hexagons, (6 3 ). These lattices are often referred to as regular lattices. The remaining eight Archimedean lattices are semiregular based on tilings with more than one type of regular polygons.
Whether a lattice is edge-transitive or not will be of importance when studying both upper and lower bounds for the connective constants.
The dual of a graph G will be denoted D(G). The square lattice (4 4 ) is self-dual; the triangular (3 6 ) and hexagonal (6 3 ) lattices are each other's duals. The duals of the eight remaining, semi-regular, Archimedean lattices constitute the class of Laves lattices, in which there are more than one vertex class. They are shown in Figure 2 .
The Laves lattices serve well as test graphs when studying how well average degree explains the connectivity of the lattice, e.g. in terms of connective constants. To get a slightly richer class, we will also include the Bow-tie lattice and its dual, see Figure 3 , which have similar properties as the Laves lattices.
The class of Archimedean lattices, Laves lattices, the Bow-tie lattice and its dual will be called the ALB lattices. All lattices in this class are weakly regular in the sense that they have a finite number of vertex classes under translation. ( Figure 1 : The Archimedean lattices
Lower bounds
In [13] , Kesten presents a method to obtain lower bounds for the connective constant, based on so called irreducible bridges. The method was presented for the square lattice (and its higher-dimensional analogues), but works equally well for the triangular lattice and, with a slight modification, also for the hexagonal lattice. First, in Section 3.1, we give a brief description of Kesten's original method and then, in Section 3.2, we extend it to the case of weakly regular lattices.
Kesten's method for regular lattices
Given a fixed embedding of the lattice in the plane, let the coordinates for a vertex v be denoted by (v(x), v(y)). A bridge of length n is a self-avoiding walk such that
The idea behind this definition is that joining two bridges always produces a new bridge. 
An irreducible bridge is a bridge that cannot be decomposed into two bridges. Denote the number of irreducible bridges of length n by a n , and the generating function for irreducible bridges by (a 0 = 0)
As a n ≥ 0 and b n ≥ 0 for all n, both A(t) and B(t) are increasing in t > 0. 
Bow-tie D(Bow-tie) Figure 3 : The Bow-tie lattice and its dual Kesten proved that the connective constants for bridges and irreducible bridges are the same as for self-avoiding walks,
Further, A(t) and B(t) are related by
so that the radius of convergence of B(t) is given by
Thus, A(t 0 ) > 1 implies 1/µ < t 0 , or µ > 1/t 0 . Further, with
we obviously have A N (t) ≤ A(t) for all N , so that A N (t 0 ) > 1 implies A(t 0 ) > 1 and µ > 1/t 0 , which provides a practical method to obtain lower bounds for µ.
A generalisation of Kesten's method to weakly regular lattices
Consider a fixed embedding of the lattice in the plane and define bridges and irreducible bridges as above. In order to be able to join two bridges into one longer bridge, we need to keep track of the vertex classes of the starting and ending vertices of the bridges. Define a bridge of class (i, j) as a bridge that starts in a vertex of class i and ends in a vertex of class j. Then, a bridge of length m of class (i, j) can be joined with a bridge of length n of class (j, k) to form a bridge of length n + m of class (i, k). Remark 1. The introduction of a coordinate system may have the effect that we have to introduce more vertex classes than above. Two nodes are equivalent if they can be mapped on each other by a translation or by vertical reflection, preserving the lattice. See section 3.3 for more details.
Let b ij (n) be the number of n-step bridges of class (i, j) and a ij (n) be the number of n-step irreducible bridges of class (i, j), for n ≥ 1. Further, let a ij (0) = 0 for all i and j and
Then, as every bridge can be partitioned into an irreducible bridge and a bridge (possibly empty),
Further, introduce the generating functions
Then, by (1),
so that, with the matrix notation
we have
which is well defined as long as the largest eigenvalue, λ 1 (A(t)), is less than 1.
Theorem 1. For a weakly regular lattice,
where t 0 = sup{t : λ 1 (A(t)) < 1}, and A(t) is the matrix generating function for irreducible bridges on the lattice.
For practical computations, we usually use a truncated version, A N (t), of A(t), only considering bridges of length ≤ N . Then, component-wise, 0 ≤ A N (t) ≤ A(t), for all t > 0, so that t 0 < t 1 , where t 1 = sup{t : λ 1 (A N (t)) < 1}. This gives the following useful result, which will be used to get lower bounds for µ on weakly regular lattices. Corollary 1. For a weakly regular lattice,
where t 1 = sup{t : λ 1 (A N (t)) < 1}, and A N (t) is the truncated matrix generating function for irreducible bridges on the lattice.
Remark 2.
It is possible to obtain lower bounds for lattices with multiple vertex classes without using the matrix method described above. Consider the generating function
and let t i = sup{t : A ii (t) < 1}. Then, µ ≥ 1/t i , for all i. As above, we can also use truncated versions of the generating functions, but we will get poorer bounds than by using the corollary. As an example, counting irreducible bridges of length at most 4 on the Bow-tie lattice, with two vertex classes, see Figure 7 , gives
The simplified method gives a lower bound µ ≥ 1/t, where 4t 4 = 1, i.e. µ ≥ √ 2 ≈ 1.4142, whereas Corollary 1 gives µ ≥ 2.9662.
Lattice representation
When applying the method, the results may depend on which representation of the lattice is used. In order to simplify the computations, we have chosen to use representations where the nodes all have integer coordinates. The same representation was used in the computations leading to upper bounds, but that method does not depend on which representation we choose.
As an example, the (3 3 . 4 2 ) lattice, see The lattices with degree 3: (3.12 2 ), (4.6.12), (4.8 2 ), (6 3 ), and their duals, all having average degree 6, are shown in Figures 8 -11 . Note that the hexagonal lattice (6 3 ), see Figure 11 , although regular, has two vertex classes. Nevertheless, it can be handled with Kesten's original method as all bridges must start (and end) in vertex class 1. PSfrag replacements (3 4 .6) There are five lattices with average degree 4. For the square lattice we use the natural representation. The Kagomé lattice (3.6.3.6) and its dual, also called the Dice lattice, are shown in Figure 12 . The Ruby lattice (3.4.6.4) and its dual are shown in Figure 13 .
Remark 3. We do not claim that the chosen representations are the optimal ones for producing lower bounds. For example, the Kagomé lattice (3.6.3.6) in Figure 12 or the (3.12
2 ) lattice of Figure 8 can probably be represented in a more effective way, but we have chosen not to investigate this further as there are better lower bounds available for these lattices, [9] .
Remark 4. When applying Corollary 1, the dimension of the matrix A N (t) may be reduced by removing rows and columns corresponding to vertex classes that can not be the starting points of bridges, like vertex class 5 in the D(3 2 .4.3.4) lattice in Figure 5 . It is also possible to use vertical symmetry to reduce the dimension. For example, in the (4.8
2 ) lattice in Figure 10 , the vertex classes 1 and 4, and the vertex classes 2 and 3, are equivalent, reducing the dimension of the matrix from 4 to 2. An even more significant reduction is obtained for the (4.6.12) lattice, see Figure 9 , where vertical symmetry reduces the number of vertex classes from 12 to 6. 
be the total number of self-avoiding walks of length m and let γ i (m), i = 1, . . . , F (m), denote these walks. Further, let g ij (m, n) be the number of n-stepped self-avoiding walks that start with γ i (m) and end with (a translation of) γ j (m).
Theorem 2 (Alm, 1993) . With
where λ 1 denotes the largest eigenvalue.
Remark 5. When using this method, available computer memory limits the choice of m, whereas computing time limits n. Remark 6. It is possible to reduce the order of G(m, n) by using more symmetry (reflection and rotation). This has, to some extent, been used in the computations.
PSfrag 
Figure 10: Representation of the (4.8
2 ) lattice and its dual
Results
The methods of the previous sections, Theorem 2 for upper bounds and Corollary 1 for lower bounds, were used to get bounds for all ALB lattices, improving existing bounds for most of the lattices. The computations extend previous enumerations on all lattices, except the square, triangular and hexagonal. Estimated values were obtained using Domb and Sykes' alpha and Neville tables; see [15] .
In the following subsections we will group the lattices according to their average degree. A summary of the best available bounds are given in Table 1 .
The results are discussed in more detail in the next section.
Degree 3 lattices
There are four ALB lattices with degree 3: (3.12 2 ), (4.6.12), (4.8 2 ), and the hexagonal (6 3 ), all Archimedean; see Figure 1 and Figures 8 -11 .
This semi-regular lattice, also known as the Star or Extended Kagomé lattice, has six vertex classes when computing lower bounds; see Figure 8 . The matrix G(18, 48), with dimension 23 976, was computed, giving the upper bound µ < 1.729 220. This does not improve the bound µ < 1.719 254 obtained in 3 Figure 12 : Representation of the (3.6.3.6) lattice and its dual [3] using a relation between µ (3.12 2 ) and µ HEX given by Jensen and Guttmann, [12] ,
This relation was also used by Jensen, [9] , to obtain the lower bound µ > 1.708 758 (erroneously given as µ > 1.708 553 in the paper). Irreducible bridges of length N ≤ 53 only gives µ > 1.691 580.
The values of f (n) for n ≤ 51 are given in Table 2 . This extends the enumeration (n ≤ 26) given in [5] .
Relation (2) and Nienhuis' supposed value for µ HEX = 2 + √ 2, determines µ (3.12 2 ) ≈ 1.711 041, [12] .
The (4.6.12) lattice
This semi-regular lattice, sometimes referred to as the Cross lattice, has six vertex classes when computing lower bounds; see Figure 9 and note that by vertical symmetry we need only consider vertex classes 1-6.
The matrix G(18, 39), with dimension 111 702, gives the bound µ < 1.809 064. Using irreducible bridges of length N ≤ 48 gives the lower bound µ > 1.763 766. 6  7  8  9  1  2  3  1  2  3  1  2  3  4  5  6  1  2  3  4  5  6  1  2  3  4  5  6  7  8  9  10  11  12  1  2  3  4  1  2 6  7  8  9  1  2  3  1  2  3  1  2  3  4  5  6  1  2  3  4  5  6  1  2  3  4  5  6  7  8  9  10  11  12  1  2  3  4  1  2 Enumeration of self-avoiding walks up to length 47, see Table 2 , was used to estimate µ ≈ 1.7871. We are not aware of any previously published enumeration of self-avoiding walks on this lattice, nor any bounds for or estimate of the connective constant.
The (4.8
2 ) lattice
This semi-regular lattice, also known as the Bathroom tiling or Briarwood lattice, has two vertex classes when computing lower bounds; see Figure 10 and note that by vertical symmetry we need only consider vertex classes 1 and 2. The matrix G(19, 42), with dimension 125 094, gives the bound µ < 1.829 254, improving the bound in [1] .
Using irreducible bridges of length N ≤ 49 gives the lower bound µ > 1.785 641. This was recently substantially improved by Jensen, [9] , to µ > 1.804 596.
Computation of f (n) up to length 47, see Table 2 , extends the previous enumeration (n ≤ 29) of [1] .
The estimate µ ≈ 1.809 agrees with the estimate µ ≈ 1.808 830 given in [12] .
The hexagonal lattice
This lattice was treated separately in [3] , giving the upper bound µ < 1.868 832. The lower bound of that paper, µ > 1.833 009, was recently improved by Jensen, [9] , to µ > 1.841 925.
Enumeration of self-avoiding walks up to length 100 is given by Jensen, [11] . The supposed exact value, µ = 2 + √ 2 ≈ 1.847 759, of Nienhuis, [16] , is supported by all extrapolations.
Lattices with degree 10/3
There are four ALB lattices with average degree 10/3, all duals of lattices with degree 5 and all having two or three vertex classes: D(Bow-tie), D( To our knowledge, self-avoiding walks on these lattices have not been studied before.
The dual Bow-tie lattice
This lattice has two vertex classes, one with degree 4 and one with degree 3; see Figure 7 .
The matrix G(11, 33), with dimension 18 742, gives the bound µ < 2.145 304. Using irreducible bridges of length N ≤ 38 gives the lower bound µ > 2.076 706. The values of f 1 (n) and f 2 (n) for n ≤ 38 are given in Table 3 . Extrapolation of these series gave the estimate µ ≈ 2.111.
The dual (3 2 .4.3.4) lattice
This lattice has two vertex classes, one with degree 4 and one with degree 3; see Figure 5 . The matrix G(10, 32), with dimension 31 736, gives the bound µ < 2.168 320. Using irreducible bridges of length N ≤ 36 gives the lower bound µ > 2.092 579. The values of f 1 (n) and f 2 (n) for n ≤ 36 are given in Table 4 . Extrapolation of these series gave the estimate µ ≈ 2.132.
The dual
This lattice, also known as the Pentagonal lattice, has two vertex classes, one with degree 4 and one with degree 3; see Figure 4 . The matrix G(11, 33), with dimension 20 743, gives the bound µ < 2.186 720. Using irreducible bridges of length N ≤ 36 gives the lower bound µ > 2.112 899. The values of f 1 (n) and f 2 (n) for n ≤ 36 are given in Table 4 . Extrapolation of these series gave the estimate µ ≈ 2.152.
The dual (3 4 .6) lattice
This lattice has three vertex classes, one with degree 6 and two with degree 3; see Figure 6 . The matrix G(9, 30), with dimension 29 784, gives the bound µ < 2.235 067. Using irreducible bridges of length N ≤ 35 gives the lower bound µ > 2.154 816. The values of f 1 (n), f 2 (n) and f 3 (n) for n ≤ 34 are given in Table 5 . Extrapolation of these series gave the estimate µ ≈ 2.155.
Lattices with degree 4
There are five ALB lattices with degree 4, three Archimedean: the Kagomé (3.6.3.6), the Ruby (3.4.6.4) and the square (4 4 ) lattices, and two Laves lattices: the dual Ruby lattice D(3.4.6.4) and the dual Kagomé, or Dice, lattice, D(3.6.3.6), see Figures 1, 2, 12 -13. Self-avoiding walks on the square lattice has obtained much attention, and the Kagomé lattice has also been studied, but we are not aware of any previous work on the remaining three lattices.
The Kagomé (3.6.3.6) lattice
This lattice is semi-regular with two vertex classes when computing lower bounds; see Figure 12 and note that vertices denoted 1 and 3 are equivalent.
The matrix G(11, 29), with dimension 21 352, gives the bound µ < 2.605 069. This was improved to µ < 2.590 305 in [5] , by using the fact that the Kagomé lattice is the covering lattice of the hexagonal lattice.
Using irreducible bridges of length N ≤ 31 gives the lower bound µ > 2.509 674. This was improved to µ > 2.548 497 in [9] .
The values of f (n) for n ≤ 31 are given in Table 6 . This extends the enumeration in [14] and also corrects an error in their value of f (28). Extrapolation gave the estimate µ ≈ 2.561, agreeing with the estimate 2.560 577 by Jensen, [9] .
The Ruby (3.4.6.4) lattice
This lattice is semi-regular with three vertex classes when computing lower bounds; see Figure 13 and note that, by vertical symmetry, we need only consider the odd numbered vertices.
The matrix G(10, 28), with dimension 17 113, gives the bound µ < 2.610 835. Using irreducible bridges of length N ≤ 30 gives the lower bound µ > 2.511 254. The values of f (n) for n ≤ 30 are given in Table 6 . Extrapolation gave the estimate µ ≈ 2.564.
To our knowledge, these are the first results on self-avoiding walks for the Ruby lattice.
The square (4 4 ) lattice
This regular lattice is by far the most studied of the ALB lattices in connection with self-avoiding walks. The best upper bound, µ < 2.679 193, was given by Pönitz and Tittman, [18] . The best lower bound, µ > 2.625 622, was obtained by Jensen, [9] , by computing irreducible bridges of length N ≤ 72.
Enumeration up to length 71 was produced by Jensen, [8] , who in [7] gave the estimate µ ≈ 2.638 159 based on self-avoiding polygons.
The dual Ruby lattice D(3.4.6.4)
This lattice has three vertex classes, one with degree 6, one with degree 4 and one with degree 3. When computing lower bounds, we need to consider the four vertex classes 1, 2, 3, and 5 of Figure 13 .
The matrix G(7, 24), with dimension 18 876, gives the bound µ < 2.828 174. Using irreducible bridges of length N ≤ 28 gives the lower bound µ > 2.693 424. The values of f 1 (n), f 2 (n) and f 3 (n) for n ≤ 28 are given in Table 7 . Extrapolation of these series gave the estimate µ ≈ 2.763.
The Dice lattice D(3.6.3.6)
This lattice, the dual of the Kagomé lattice, has two vertex classes, one with degree 6 and one with degree 3. When computing lower bounds, we need only consider the two vertex classes denoted 1 and 2 of Figure 12 due to vertical symmetry.
The matrix G(9, 25), with dimension 24 224, gives the bound µ < 2.817 739. Using irreducible bridges of length N ≤ 30 gives the lower bound µ > 2.704 239. The values of f 1 (n) and f 2 (n) for n ≤ 29 are given in Table 8 . Extrapolation of these series gave the estimate µ ≈ 2.761.
Lattices with degree 5
There are four ALB lattices with degree 5: the three semi-regular (3 4 .6), (3 3 .4 2 ) and (3 2 .4.3.4), see Figure 1 and Figures 4 -6 , and the weakly regular Bow-tie lattice, with average degree 5, see Figures 3 and 7 . To our knowledge, none of these have been studied in connection with self-avoiding walks before.
The
(3 4 .6
) lattice
This semi-regular lattice has six vertex classes when computing bridges; see Figure  6 . The matrix G(7, 22), with dimension 10 372, gives the upper bound µ < 3.369 117. Using irreducible bridges of length N ≤ 24, we get the lower bound µ > 3.206 403. The values of f (n) for n ≤ 23 are given in Table 9 . Extrapolation gave the estimate µ ≈ 3.293.
The
This semi-regular lattice has two vertex classes when computing bridges; see Figure  4 .
The matrix G(9, 21), with dimension 70 883, gives the upper bound µ < 3.425 364. Using irreducible bridges of length N ≤ 24, we get the lower bound µ > 3.266 402. The values of f (n) for n ≤ 23 are given in Table 9 . Extrapolation gave the estimate µ ≈ 3.350. The values of f (n) for n ≤ 23 are given in Table 9 . Extrapolation gave the estimate µ ≈ 3.374.
The Bow-tie lattice
This weakly regular lattice has two vertex classes, one with degree 6 and one with degree 4; see Figure 7 and note the vertical symmetry.
The matrix G (8, 22) , with dimension 25 571, gives the upper bound µ < 3.525 448. Using irreducible bridges of length N ≤ 25, we get the lower bound µ > 3.357 574. The values of f 1 (n) and f 2 (n) for n ≤ 23 are given in Table 10 . Extrapolation gave the estimate µ ≈ 3.4455.
Lattices with degree 6
There are four ALB lattices with degree 6, all duals of the degree 3 lattices: the regular triangular (3 6 ) lattice and the three Laves lattices D(4.8 2 ), D(4.6.12), and D(3.12
2 ). Of these, to our knowledge only the triangular has been studied before in connection with self-avoiding walks.
The triangular lattice
This regular lattice has only one vertex class; see Figure 11 . The matrix G (8, 20) , with dimension 18 678, gives the upper bound µ < 4.251 419, which improves the bound in [1] .
Using irreducible bridges, Jensen, [9] , obtained the lower bound µ > 4.118 935.
In [10] , Jensen enumerates self-avoiding walks up to length 40, and uses extrapolation to estimate µ ≈ 4.150 797.
The dual (4.8
This weakly regular lattice, also known as the Octagonal lattice, has two vertex classes, one with degree 8 and one with degree 4; see Figure 10 . The matrix G (7, 18) , with dimension 25 748, gives the upper bound µ < 4.565 362. Using irreducible bridges of length N ≤ 20, we get the lower bound µ > 4.304 718. Note that the lower bound exceeds the upper bound for the triangular lattice.
The values of f 1 (n) and f 2 (n) for n ≤ 19 are given in Table 11 . Extrapolation gave the estimate µ ≈ 4.442.
The dual (4.6.12) lattice
This weakly regular lattice has three vertex classes, one with degree 12, one with degree 6 and one with degree 4. When computing bridges we need to consider four vertex classes; see Figure 9 and note the vertical symmetry.
The matrix G(5, 16), with dimension 29 916, gives the upper bound µ < 4.787 227. Using irreducible bridges of length N ≤ 18, we get the lower bound µ > 4.463 058. The values of f 1 (n), f 2 (n) and f 3 (n) for n ≤ 18 are given in Table 12 . Extrapolation gave the estimate µ ≈ 4.624.
The dual (3.12
This weakly regular lattice, also known as the Asanoha lattice, has two vertex classes, one with degree 12 and one with degree 3; see Figure 8 and note the vertical symmetry. The matrix G(5, 15), with dimension 9 493, gives the upper bound µ < 5.796 210. This was improved in [5] to µ < 5.734 24, using a relation with the triangular lattice.
Using irreducible bridges of length N ≤ 17, we get the lower bound µ > 5.377 158. Note that the lower bound exceeds the upper bound for the D(4.6.12) lattice.
The values of f 1 (n) and f 2 (n) for n ≤ 17 are given in Table 13 . Extrapolation gave the estimate µ ≈ 5.595.
Discussion
In Table 1 we summarise the best upper and lower bounds for, and estimates of, the connective constants for the ALB lattices. In Tables 2 -13 we give enumerations for all ALB lattices except the three regular: square, triangular and hexagonal lattices. Table 1 also gives a partial ordering of the ALB lattices with respect to connective constants, with double lines indicating a strict ordering relation; graphs above a double line have a strictly higher connective constant than graphs below the lines. This notation gives the partial ordering available at the moment with one exception:
Partial ordering
To get a complete ordering of the ALB lattices with respect to connective constants, there are 31 remaining relations, out of 210, to decide. Some of these could probably be resolved with current methods, just using more computing time or memory, but some certainly seem to require improved methods. 
Average degree
Let q(G) denote the (average) degree of the lattice G. From Table 1 we note the following.
As the degree q only takes five different values for the 21 ALB lattices, although the known variation in µ is much larger, it is tempting to try to find a more sensitive measure of connectivity. In [2] , an alternative measure of average degree,q, is introduced, defined as the limitq = lim
where g i (n) is the number of walks of length n, starting in vertex class i, on the lattice. The limit is independent of which vertex class the walks start in for all connected graphs. For regular and semi-regular lattices,q = q, and for weakly regular lattices,q is easily calculated as an eigenvalue. For all lattices,q ≥ q. The values ofq for the ALB lattices are given in Table 1 . Note thatq takes 12 different values for the 21 ALB lattices compared to only 5 values for the ordinary average degree, q. The estimated values of the connective constants support the following conjecture. Judging from the estimated values, the penultimate inequality is probably hardest to prove, and it is unlikely that it can be proved with currently available methods, at least with today's computers.
Duality
For critical probabilities, p c , in bond percolation, the following relation holds,
This in turn implies that
The corresponding implication for connective constants holds for all pairs of ALB lattices with one possible exception: the Kagomé (3.6.3.6) and the Ruby (3.4.6.4) lattices, where the estimated values indicate that µ (3.6.3.6) < µ (3.4.6.4) and that the same order holds for the duals, µ D(3.6.3.6) < µ D(3.4.6.4) , although the difference in estimated values is very small (0.002). It would be interesting to have more reliable estimates for these connective constants. Table 6 : Number of self-avoiding walks on the Kagomé, (3.6.3.6), and Ruby, Table 7 : Number of self-avoiding walks on the dual Ruby, D(3.4.6.4), lattice Table 8 : Number of self-avoiding walks on the Dice, D(3.6.3.6), lattice 
